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TITU : Double Precision Bessel Function Subroutine 

PROGRAM DAME: BSLFNX 

LANGUAGE : IBM 360 FORTRAN G 

AUTHOR: Thomas E. Michels 
Mathematics and Computing Branch 
Laboratory f o r  Theoretical Studies 

SUMMARY: This subroutine w i l l  compute any one of the following Bessel 
Function Arrays, as specified by the  user, for each entry 
i n t o  the routine: 

Bessel Functions of the 1st Kind 

a. Jo (x),  J1 ( X I ,  Jn (x )  integer  orders 

b- J 1  ( X ) ,  J ( X ) Y  Jn++ ( x )  half orders 
2 312 

Bessel Functions of the 2nd Kind 

C. 

d. J ~ ( x ) ,  J-3,/2(X), J (x )  Negative half orders 

Yo (x) ,  Yl (x ) ,  0 Yn ( x )  integer  orders 

-2 - (n+*) 
Spherical Bessel Functions 

1st Kind 

2nd Kind 

e. 2, (x), j, ( X I ,  . jn ( x )  

Yo (x) ,  Y1 ( X I ,  0 0 0 Yn ( x )  

- 
f. - 

Modified Bessel Functions 

go Io (x) ,  I1 (x) ,  In ( x )  

KO (x) ,  5 ( X ) ,  0 Kn (x )  

integer  orders 

Integer  orders 

The argument, x, i s  real and must be i n  the range 

0 x 5 6000 

f o r  a l l  functions except the Modified Functions I n ( x )  and K ( x ) .  
For these functions, t he  bounds on x are 

n 

o < x 128. 

All functions are accurate t o  a t  l e a s t  seven s igni f icant  d ig i t s .  
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METHOD - 
I. Regular Functions 

The method used to  compute the  Regular Functions J (x), J++(x), 
j n ( x ) ,  and In(x) is the "Backward Recurrence Metho% described i n  
Reference i ,  The method e s sen t i a l ly  follows the  descr ip t ion  below, 
For more d e t a i l s  see Reference 1. 

Upon using the  recurrence formula f o r  solut ions t o  Beesel's D i f f e ren t i a l  
iquation, i n  a backward fashion, o r  

w i t h  

and 

Fm (XI - a 

where, a, is any constant, one obtains an array of functions a t  some, 
n<m, which are a l l  a constant multiple, B, of the  regular  funct ion t o  
any desired degree of accuracy, 

Then, a l l  t h a t  remains is  t o  normalize a l l  t he  funct ions a f t e r  determining 
B e  

B is conveniently determined i n  the  computer using one of t he  following 
relationships,  depending upon the  funct ion involved, 

1 = Jo(x) + 2 C JZn(x) 
m-1 
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o r  f o r  Fn(x) - BJn(x) 

8 - FO(x) + 2 

( see  Formulas sec t ion  

F (4 
Or - '* 

f o r  expressions f o r  J+(x) and j,(x)) 

0 

8 = eox [ Fo + 2 C Fn(x)] 
nm1 

(3) 

In ac tua l  use, the summations i n  (Z), and (3) need only go to, m, 
s ince  the  Fn(x) ' s  are a decreasing function as, n, increases,  
o f ,  m, is described under USAGE, 
computing the  modified function, In(x) , t he  recurrence formula (1) must 
be replaced with 

Determination 
Of course, when using the  method f o r  

I1 I r regular  Functions 

The method used f o r  t he  regular  functions is t h e  Forward Recurrence 
Method using equation (1) but with, n, increasing, or 
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, 
The ca l l ing  sequence i s  

In using equation (4)  for the i r regular  functions, no accuracy i s  l o s t  
i n  the forward recurrence f o r  e i the r  S x ,  or n>x since the i r regular  
function i s  an increasing function as, n, increases. Therefore, as, 
n, increases one ac tua l ly  gains more s igni f icant  d i g i t s  of accuracy. 

In  using equation (4), one must change the s ign before the F 
term when recurring f o r  Kn(x), or  

(x )  n-1 

I where ARG, N, and NTYTE must be defined pr ior  t o  entry i n t o  BSLFNX. FNX 
must be singly dimensioned with the s i ze  dependent upon the  number of functions 
desired and the value of, My defined below. Both FNX and ARG m u s t  be typed 

Therefore a l l  one needs a re  two s t a r t i n g  values f o r  the i r regular  
functions and use the recurrence formula with, n, increasing. 

Several methods a re  avai lable  f o r  determining s t a r t i n g  values. 
methods used i n  BSLFNX gave accuracies of a t  least seven s igni f icant  
d i g i t s  for a l l  function s t a r t i n g  v a l e s .  

The 

The expressions used f o r  Yn(x) and K (x)  were polynomials described 
i n  Reference 2, 
and y (x), and a r e  l i s t e d  under the Formula section. 

Direct ana ly t ica l  eapressions were used f o r  J 1 ( x )  - (n+z) 
n 

CALL BSWNX (FNX, ARG, N, NTYPE) 

FNX the a r ray  of computed functions, 

ARG argument, i n  F ~ ( A R G )  
, 
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N = n  the highest  order of  the  a r ray  of Bessel 
Functions computed. For integer  orders, 
m e  obtains F ( x ) ,  F ~ ( x ) ,  ... F ~ ( x ) ,  

and f o r  plus o r  minus half orders one 
obtains 

0 

NTYPE option f o r  the par t icu lar  function desp-ed. 
It can assume the  following values: 

lvTYPE Function Computed 

J (x) n 
1 

2 

4 

5 

6 

m Values 

The values of ,  my obtained from the  following emperical formulas y i e l d  
t h e  accuracies specif ied f o r  a l l  regular functions, and w i l l  compute a 
maximum accurate a r ray  s i z e  such thasothe difference i n  magnitude between 
FO(x) t o  F (x) is  of the  order of 10 . Larger arrays could be obtained 
by adding 90 the  constant term any amount within prac t ica l  limits of t he  
computer. 

5~+20 J O < X < 1 0  

1.05x+l15 Y 150 < x 
m - 1.48~+55 J io 5 x < 150 - 
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Accuracy 

For de t a i l s  on the accuracies obtained f o r  the  regular functions, see 
Reference 1. A t  l e a s t  seven s igni f icant  d i g i t s  were obtained f o r  all orders 
and the following arguments, checked on the IBM 360/65 computer. 

x = 1, 2, 5 ,  io ,  50, loo 

Reference 1 pertains t o  accuracies obtained on the  IBM 7094 computer where 
the word length i s  only 36 b i t s .  
with the IBM 360 Double Precision word length. 

Better accuracies should be expected 

Sub routines Required 

No spec ia l  subroutines a re  required for BSLFNX except the standard l i b ra ry  
routines supplied with the  IBM OS 360. 

Prowram Restrictions 

The subroutine stops the program i f  the order, n, asked f o r  exceeds the 
value of,  ( m - 3 ) ,  (where, my was calculated from the argument) f o r  a l l  regular 
functions. The s top i s  STOP 1. 

There i s  no l i m i t  on, n, f o r  the i r r egu la r  functions except t o  be within the 
prac t ica l  limits of the computer. 

Function Formulas 

s i n ( x )  

cos(x)  

- s in (x )  - cos(x)  
X 

6 .  1 
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Wrons k ians 

(v can be e i t h e r ,  n, o r  n-%) 
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BSLFNXOO 
C * * * * * ~ : * C * * C 8 4 * * * $ * * * 8 ~ ~ * * 4 * * * 4 * * * * 4 * * 8 * * * * * ~ * * * * ~ * * * 4 * * * ~ * * * C C C * * * * * * * ~ B S L F N X O l  

C SUBROUTINE BSLFNX COMPUTES AN ARRAY OF BESSEL FUNCTIONS CORKESPONDINGt3SLFNXO2 
C TO THE VALUE OF NTYPE, DEFINED BELOW, FOR REAL ARGUMENT(ARG1, AND BSLFNX03  
C--ORDEK ( K ) ,  FOR K = ( O + N U ) r ( l + N U ) r e o o r ( N + N U ) r  WHERE N U =  O-'OR 1 / 2 0  . BSL FNXO4 

BS LFNXO5 C 
C - -CALLING SEQUENCE BSLFNXO6 

BSLFNX07  
BSL FNXO8 

C 
C Y H E R E  

FNX = ARRAY OF BESSEL FUNCTIONS COMPUTED CORRES. T O  NTYPE. BSLFNX09  
FNX I S  D E F I N E  DOUBLE P R E C I S I O N  AND MUS7 BE-DIMENSIONED BSLFNXOA 

C 
- C  

M=5*ARG + 20 9 (J ' 1  HAG L T  10 13 SL F N X O C  
C 
0 -- 
C M = l o 4 8 * A R G  + 5'. * GE ARG L T  1 5 0  BSLFNXOD 

M = l o 0 5 * A R G  + 1 1 5  7 ARG GE 1 5 0  -- - - - -  . dSLFNXOE - 
c ---- -- 

C ARG = ARGUMENT OF BESSEL FUNCTION, D E F I N E  DOUBLE P R E C I S I O N  BSLFNXOF 
- C  ~ N---=--HIGHEST ORDEK BESSEL FUNCTION T O  'COMPUTE FOR' ARRAY BSLFNXLO 

C OF INTEGER ORDERS 0 , l ~ O e o ~ N  B S L F N X 1 1  
c----- - - -  OR HALF ORDERS 1 / 2 1  3 / 2 , o o e r  ( N + 1 / 2 ) - D E P E N D I N G  UPON BSLFNX12  
C THE TYPE REQUESTED BY THE USER BS LFNX13  
C---NTYPE = TYPE OF BESSEL FUNCTION REQUESTED BY THE-USER ACCORDING BSLFNXL4  
C T O  THE VALUES BELOW BSLFNX15  

TYPE OF BESSEL FUNCTION COMPUTED----- BSL FNX 16 - - C N T Y  P E 
B S  L F N X l 7  C 

- c-- 1 J SUE3 ( N )  OF ( A R G )  B SL FN X 18 
BSLFNX19  C B o  FUNCTo OF THE F I R S T  KIND-INTEGER ORDER 

- c  2-----J SUB ( N + 1 / 2 )  OF ( A K G )  BSLFNX L A  
-. - - _- - -. . - BS L F N X l B  C B.  FUNCT. OF THE F I R S T  KIND-HALF ORDER 

-- C 3  SMALL J SUB ( N )  OF ( A R G )  BSL FNX ?C 
B S L F N X l D  C 

C 4 Y SUB ( N )  OF,(ARG) BSL FNX 1 E 
B S L F N X l F  C, 

-c-5--- J SUB - ( N + 1 / 2 )  OF ( A R G )  BSLFNXZO - 
C 

-C 6 SMALL Y SUB I N )  OF ( A R G )  BSLFNX22  -~ 
- -  BSLFNX23  C SPHERICAL Be FUNCTo OF THE SECOND K I N D  

BSL FN X 2 4  - c---7 --- I SUB ( N )  OF ( A R G )  
_ _  --_ - - BSLF NX25 

-C 8 - - -  K SUB ( N )  OF (ARG)  BSLFNX26  
C M O D I F I E D  Be FUNCTo-INTEGER ORDER BS LFNX27  

-CW#XV!# t C ::: * * C* # :: X=#8 8 * * * 8 4 9 9 * 8 ** 4 ** 4 * 8 44* * 4* 4 4*4 * * 4444* 4% 4-**44-* * * ** * * * ** ** S L F N X 2 8 
t3SLFNX29 

D I M E N S I O N  F N X ( 1 )  8 SL FN X2 A 
BSLFNXZB 

G o O 0 5 8 7 8 7 2 D O ~ - e 0 0 2 5 1 5 4 ~ ~ ~ ~ 0 ~ ~ 2 0 8 ~ - 3 /  B SL FNXZ C 
BSLFNXZD 

- F o 0 0 2 6 2 6 9 8 0 0 ~ o 1 0 7 5 0 D - 3 ~ o 7 4 0 D - 5 /  B SL FNX2 E 

- 7 - 7  02805D-49 1 0 4 4 7 6 D - 4 /  BSLFNX30  
DATA E l ~ E 2 ~ E 3 ~ E 4 ~ E 5 ~ E 6 / ~ ~ O 4 l 6 6 3 9 7 D O ~ ~ 3 o 9 5 4 ~ ~ 5 ~ o O O Z 6 2 5 7 3 D O ~  B S L F N X 3 1  

BSLFNX32 

___ - _ _  - - 8 
SUBROUTINE HSLFNX(FNX,ARG,NTNTYPE) 

- -  - - -- - -  

- ----I_- 

CALL BSLFNX(FNXrARG,N,NTYPE) -- 

A T  LEAST THE VALUE OF ' 1  O r a  :NED BELOW: BSLFNXOB . 
- -  

_ _  .- 
----- ------------------------------- 

- __ - _- 

- 

~ 

SPHERICAL B o  FUNCTo OF THE F I R S T  K I N D  _ _  

_- -- B o  FUNCT. OF THE SECOND KIND-INTEGER ORDER 

8. FUNCT, OF THE SECOND K IND-HALF ORDER 

- _ .  

-- 8s Frd x 2  1 - _ _ _  

C M O D I F I E D  Be FUNCTo-INTEGfR ORDER 

. 

__ - ___ - - - I M P L I C I T  REAL*8 (A -HTO-Z)  

DATA G 1 ~ G 2 ~ G 3 ~ G 4 ~ G 5 ~ G 6 / ~ o O 7 8 3 2 3 5 8 D O ~ o O 2 l 8 9 5 6 8 D O ~ ~ o O l O 6 2 4 4 6 D O ~  

DATA F l ~ F 2 ~ F 3 ~ F 4 ~ F 5 ~ F 6 / ~ 4 2 Z 7 8 4 Z O D O ~ o 2 3 O 6 9 l 7 6 D O ~ o O 3 4 8 8 5 9 O D O ~  -----._ _-_- .-- 

DATA H l ~ H ~ ~ ~ ~ ~ H 4 ~ H 5 ~ H 6 / ~ 7 o 7 D ~ 7 ~ ~ o O O 5 5 2 7 4 D O ~ ~ 9 e 5 l 2 ~ ~ 5 ~ e O O l 3 7 2 3 7 D O  BSLFNXZF - _ _ -  

- - - - - __ 
E-5o4125D-4~-2o9333D-4 ,1 .355BD-4 /  ._ 

DATA W l r W ~ ~ W ~ ~ W 4 ~ W 5 ~ W 6 / l o 5 6 D ~ 6 ~ o O l 6 5 9 6 6 7 D O ~ l o 7 l O 5 D ~ 4 ~ ~ e O O ~ 4 9 5 l l D O ~ B S L F N X 3 3  

DATA Y l ~ Y 2 ~ Y 3 ~ Y 4 ~ Y 5 ~ Y 6 / o 1 2 4 9 9 6 l 2 D O ~ 5 o 6 5 D - 5 ~ - 6 o 3 7 8 7 9 D - 3 ~ 7 e ~ ~ ~ 8 D - 4 ~  BSLFNX35  

- - . - - _- 
H 1 . 1 3 6 5 3 D - 3 ~ - 2 0 0 0 3 3 0 - 4 /  BSLFNX34- 

BSL FNX36  
DATA C ~ , C ~ ~ C ~ T C ~ T C ~ , C ~  /-2o2499997DOrl02656208DO~-Oe3163866DO~ B S L f N X 3 7  

BSL FNX3 8 
BSLFNX39  
B SL FhX3A 
BSLFNX3B 

_ .  - - 
Y 7 . 9 8 2 4 0 - 4 r - 2 0 9 1 6 6 D - 4 /  . -- 

- - - - __ - - - _- C4o44479D-2,-3094440-3,2.lD-4/ . "_ 

DATA D l ~ ~ Z ~ O ~ ~ D 4 r 0 5 , D 6 / 0 o 6 O 5 5 ~ 3 6 6 D O ~ ~ o ~ 4 3 5 ~ ~ 8 ~ O ~ ~ o ~ ~ ~ ~ ~ ~ ~ ~ D ~ ~  

O A 7 A  ~ J ~ ~ ~ ~ ~ ~ ~ J ~ O ~ ~ O S ~ 0 6 / ~ o S 6 2 4 9 9 8 5 D O ~ o 2 1 0 9 3 5 7 3 D O ~ ~ 3 ~ 9 5 4 Z 8 9 D ~ 2 ~  

- - _- -- - - -- 0-4 e 7 G 12 1 '+1Jb2 t 4 a 2791 60-3 9 -2 48460-4/ ._ - 
-._ --- - -.-. --- . - - _ _ L _ _ ~ -  _-__ - - -- 



B SLFNX3C 
DATA P 1 ~ P 2 ~ P 3 ~ P 4 ~ P 5 ~ P 6 / ~ 2 Z l 2 O 9 l D O ~ 2 o l 6 8 2 7 O 9 D O ~ ~ l ~ 3 l 6 ~ 8 2 ~ D O ~  BSLFNX3D 

P.3~23Y5~~0~-4.009760-2~2o7873D-3/ BSLFNX3E 
D A T A  O N E ~ T W O ~ T H R E E ~ P ~ ~ ~ / ~ ~ ~ ~ T ~ ~ D O T ~ ~ D O T ~ ~ ~ ~ O ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ O O ~  BSLFNX3F 

BSLFNXGO 
BSLFNX41  N N = N + l  

X=AKG BSL FNX42 
BSLFNX43 
BSL FNX44  

NU= 1 

BSLFNX45 M 1 = 3  
-M2 =2 B SL FN X 4 6  

BS LFNX47  
BSL FNX48 
B S  L FNX49 
BSL FN X 4 A  
BSLFNX4B 
BSL FNX4C 
BSLFNX4D 
BSLFN X4E 
BSLFNX4F 
BSLFNX50 
BSLFNX51  
BSLFNX5Z 

45 F O K M A T ( ' 0  ORDER ASKED FOR I N  BSLFNX TOO LARGE.'/ '  FUNCTION TYPE I S B S L F N X 5 3  

9 
0 4 o 4 3 3 1 9 D - 3 r - 3 o 1 7 6 1 D - 4 , 1 . 1 0 9 D - 5 /  

- 
FACT(A,BICIDIE*FTG) = G * ( A + G s ! B + G s ( C + G * ( O + G s ! E + ~ s F ) ) ) ) )  

_ _ _ _ _ - -  

- - 
s I 'GN=-ONE 

GO T ~ ( 1 0 ~ ~ 0 ~ ~ 0 , 1 5 5 ~ 1 6 0 r ~ 6 o ~ l o ~ l O ) r N ~ i ~ E  _ _  

_-I--- - -- - 

10 IF(XoGE.10.DO 3 GO TO 20 
._. - .- M=5- *X+15 .  

GO TO 40 
20 IF(X.GE.15O.DO) GO TO 30 - __- - . --- 

- - M = l o 4 8 * X  + 480 - - -  

GO TO 40 
30 M = l o 0 5 * X + 1 1 2 .  
40 I F ( ( M - 5 ) o G E . N )  GO TO (60r70r80r240r240~240~50~50)~NTYPE - . -. - 

- - IF (NTYPEoEQ.B)  GO TO 5 0  
-_ - -  - -  M=M- 5 

WRITE ( 6 ~ 4 5 )  N T Y P E T N T M T X  - 

F ' I 2 / '  OKOER ASKED FOR IS'I4r' BUT CANNOT BE GREATER THAN '149 - -- BSLFNX54 
B S  L FNX55 
USL FNX5 6 
BSLFNX57 
BSLFNX5 8 
BSLFNX59 
BSLFNXSA 
BSLFNX5B 
B SL FN X5C 
BSLFNXSD 
BSL FNX5 E 
BSLFNX5F 
BSLFNX60  
BSLFNX61  
BSLFNX62 
BSLFNX63  
BSLFNX64  . 
BSLFNX65 
BSLFNX66  
BSLFNX67 
BSLFNX68 
BS L FNX69  
BSLFNX6A 
BSLFNX6B 
BSLFNX6C 
BSLFNX6D 
B SL FN X6E 
BSLFNX6F 
B SL FNX70 
B S L F I\ X 7 1 
BSLFNX72 
BSLFNX73 
B SL FN x 7 4  
B S  LFNX75  
B S L FN X7 6 
BSLFNX77 
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154 F N X ( % ) = ( U N E - F N X ( Z ) * f K N ~ X ) / ( F N X ( l ) ~ X )  

F N X ( l ) = F K N  
GO TO 170 

GO TO 190 

FNX(  1 ) = D C O S ( X ) / D I V  
F N X ( 2 ) = - ( D S I N ( X ) + D C O S ( X ) / X ) / D I V  
lF(NTYPE.EQ.5) GO TO 170 

F N X (  2 1 =FNX( 2 ) * D I V / X  

K = I - 1  

GO TO 500 

--C=THREE/X 

- - - __ __ 

-I__-1-- - .  . .  155 NU=O 

160 DIV=DSQKT(  PIOZi:X) 

._ 

- - - _ _ _  - 

--- _- - -  

' N X (  1 ) = - F N X ( l  ) * D I V / X  - - . 

170 DO 180 I = 2 t N N  

180 FNX(I+l)=DFLOAT(2*K+NU)*FNX(I)/X+SIGN*FNX(I-l) 

190 IF(X.LE.THKEE) GO TO 220 

__ - . .  

- . -II.--- - _. _ _ -  
A=,79788456DO 
B= -785398 1 6 0 0  

_- - F=A + F A C T ( H l t H 2 t H 3 t H 4 t H 5 t H 6 r C )  
T = X - B + F A C T ( E L ~ E ~ T E ~ ~ E ~ T E ~ ~ E ~ ~ C )  

~ - - - - .- - F N X ( l ) = f - > : D S I N ( T ) / D S Q R T ( X )  
B = Z O 3 5 6 1 9 4 4 9 D 0  - -- 

- -  - -. 
T = X - B + F A C T ( Y l t Y 2 t Y 3 t Y 4 t Y 5 t Y 6 ~ C )  
F=A + F A C T ( W ~ ~ W ~ T W ~ ~ W ~ , W ~ ~ H ~ ~ C )  

. _ _  - _. 
F N X ( 2 ) = F * D S I N ( T ) / D S Q R T ( X )  
GO TO 170  

220 C=( X/THKEE )**2 
B = D L O G ( X / T W O ) / P I 0 2  
TOM=.3674669100 

- -  * 

BSLFNX7 8 
BSLFNX79 
BSLFNX7A 
BSLFNX7B 
B SL FN X7C 
BSLFNX7D 
BSLFNX7 E 
BSLFNX7F 
B SL F N X 8 0  
B S L F N X 8 1  
BSLFNX82 
B S L F N X 8 3  
B S L FNX 84  
B S L F N X 8 5  
BSL F N X 8 6  
B S L F N X 8 7  
B SL FN X 8  8 
BSLFNX89 
BSLFNX8A 
BSLFNX8B 
BSLFNX8C 
BSLFNX8D 
BSLFN X8E 
BSLFNX8F 
BSL F N X 9 0  
B S L F N X 9 1  
B S L F N X 9 2  
BSLFNX93 
B S L F N X 9 4  
B S L F N X 9 5  

F N X ( ~ ) = B * ( O N E + F A ~ T ( C ~ * C ~ ~ C ~ T C ~ * C ~ ~ C ~ ~ C )  )+TOM+ F A C T ( D ~ ~ D ~ T D ~ ~ D ~ P D ~ T H S L F N X ~ ~  
B S L F N X 9 7  

-- TOM=-.6366198DO BSL FNX98 

1 P 4 t P 5 v P 6 t C ) ) / X  B SL FN X9A 
B S  LFNX9B 

240 W R I T E ( 6 , 2 5 0 )  NTYPE BSL FNX9C 
250 FORMAT( lH2p57HMACHINE TROUBLE---COULD NOT GET T O  STATEMENT WITH NTBSLFNX9D 

-1YPE =I31 BSLFNX9E 
BSLFNXSF 

- -5UO-RETURN - - ~ - -  b S L  FN XAO 
- - . -. - - - - __ - - - - BS L F N X A l  

_ _  _ .  
1 D 6 t C  1 

F N X ( 2 ) = ( 8 * ( 0 ~ 5 D O + F A C T ( O l ~ O 2 t 0 3 ~ 0 4 ~ 0 5 t O 6 t C ~ ~ +  TOM+ F A C T ( P l t P 2 t P 3 t  B S L F N X 9 9  - - _I__- 

- .- 
GO TO 170 

~ _- - 

.- - -- _- STOP 2 

END 


